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1 Gaussian Processes
2 kernels
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1 Gaussian Process Regression
2 Prior

3 Hyperparameter

4 Log-marginal-likelihood

5 N_restarts_optimizer

6 Target

7 Globally

8 Data point
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1 Tikhonov

2 White Kernel

3 Log_marginal_likelihood(theta)
4 Externally

5 Markov chain Monte Carlo



Initial: 1**2 * RBF(length_scale=10} + Whitekernel{noise_level=1}
Optimum: 0.763**2 * RBF(length_scale=1e+03) + WhiteKernelinoise_level=0.525)
Log-Marginal-Likelihood: -23.49926645542419
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Initial: 1**2 * RBF(length_scale=0.1) + WhiteKernel{noise_level=0.01)

Optimum: 1.05%*2 * RBF(length_scale=0.569) + WhitekKemel{noise_level=0.134)
Log-Marginal-Likelihood: -18 429732528984054
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1 Kernel ridge regression
2 Kernel trick

3 Mean-squared error

4 Ridge

5 Likelihood

6 Posterior distribution
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1 Grid search

2 Loss function

3 Generative

4 ExpSineSquared

5 Periodic

6 Smoothness

7 Curse of dimensionality



target

® L
1.0 ~ '\ ;r\ \ fﬂl ‘;,‘ "ﬁl
: ‘l I - ' I i I\
|79 ;A [ ; Iy
054 i @ b A 1= Py
[ " I & L @ 2\ h wu \ R
v ! @ I V- B EA B R
A S \ s w o d N ENg
i | : [ 1 = . I 1
- .:‘ : ¥ : 1 ) .
~0.5 1 : 9 - vop \a %
: ‘ '. l:' ": .
:R':;" W W \wE \
i) L v \r \
1.0 1 L ‘f . \s .
o bt — = True signal
[
i @ MNoisy measurements
154 Kernel ridge
P Gaussian process regressor
T T T T T T T
0 5 10 15 20 25 30
data

[F] s gy (ygamw 55 9 (w05 gams s5 5 dumn i 0 S

GG OGS ) 9 dwd Fu ) (9 T W 9 (5 lwdasd

S\-Y-F-¥

L SE ojlala 1) 093 slo Jow U 0gd oo colaiwl aiwn g8 oL a4y Masl 5l jhg, 90 2 4o

Kgh so J> b9, 90 b as Sole G S0l S (Jlpll s ciasllas L;;";)’yﬂ slrosls

) e Sl o (5Klheo b a8 wiS o o 1) (Bue &l s zu ) g5 ) diiowd gl ey

Gzl 0,505, S5 5l asly Bas 1l S 18l slra pwsS aulE e S, wile) e JBlao o,

By g apdd el Bue e 59 2 owsS P b e Lt S (g S e oolid
stja.ci dlibcd‘d b.wy as LJL‘“}‘ el.’ ASJ lJ RV e‘y 3o &J’“’“‘"" Yoo ‘JJ‘).’L..’ 09'“"5"

o S LT loglas ol g dl)l s sloms o8 5l o mess U wigd oo oS 5 cdloddichy ,ui

Al aplg 3 T awd o el yule pudail i g 05l o ool L

03d dc gozxo Wl g

L o Gogimms § 905 o0 oo oy alge ail b 0uiS o obml egian oold dsgeme SO

import numpy as np

rng = np.random.RandomState(0)

data = np.linspace(0, 30, num=1_000).reshape(-1, 1)


https://numpy.org/doc/stable/reference/random/legacy.html#numpy.random.RandomState
https://numpy.org/doc/stable/reference/generated/numpy.linspace.html#numpy.linspace

target = np.sin(data).ravel()
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training_sample_indices = rng.choice(np.arange(0, 400), size=40, replace=False)

training_data = data[training_sample_indices]

training_noisy_target = target[training_sample_indices] + 0.5 * rng.randn(
len(training_sample_indices)

)

S 0 o 1) 5901 Sl 95750 g8 slags pSojlail g ably UK
import matplotlib.pyplot as plt

plt.plot(data, target, label="True signal”, linewidth=2)
plt.scatter(

training_data,

training_noisy_target,

color="black",

label="Noisy measurements",

)

plt.legend()

plt.xlabel("data™)

plt.ylabel("target™)

_ = plt.title(
"Illustration of the true generative process and \n"
"noisy measurements available during training"

)


https://numpy.org/doc/stable/reference/generated/numpy.sin.html#numpy.sin
https://numpy.org/doc/stable/reference/generated/numpy.arange.html#numpy.arange
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html#matplotlib.pyplot.plot
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.scatter.html#matplotlib.pyplot.scatter
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.legend.html#matplotlib.pyplot.legend
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.xlabel.html#matplotlib.pyplot.xlabel
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.ylabel.html#matplotlib.pyplot.ylabel
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.title.html#matplotlib.pyplot.title
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from sklearn.linear_model import Ridge

ridge = Ridge().fit(training_data, training_noisy_target)

plt.plot(data, target, label="True signal”, linewidth=2)
plt.scatter(

training_data,

training_noisy_target,

color="black",

label="Noisy measurements",
)
plt.plot(data, ridge.predict(data), label="Ridge regression™)
plt.legend()
plt.xlabel("data")

plt.ylabel("target™)
_ = plt.title("Limitation of a linear model such as ridge™)

s g5 il (Sl o Sy g 9guns


https://scikit-learn.org/stable/modules/generated/sklearn.linear_model.Ridge.html#sklearn.linear_model.Ridge
https://scikit-learn.org/stable/modules/generated/sklearn.linear_model.Ridge.html#sklearn.linear_model.Ridge
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html#matplotlib.pyplot.plot
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.scatter.html#matplotlib.pyplot.scatter
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html#matplotlib.pyplot.plot
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.legend.html#matplotlib.pyplot.legend
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.xlabel.html#matplotlib.pyplot.xlabel
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.ylabel.html#matplotlib.pyplot.ylabel
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.title.html#matplotlib.pyplot.title
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import time

1 ExpSineSquared



from sklearn.gaussian_process.kernels import ExpSineSquared
from sklearn.kernel_ridge import KernelRidge

kernel_ridge = KernelRidge(kernel=ExpSineSquared())

start_time = time.time()
kernel_ridge.fit(training_data, training_noisy_target)
print(
f'Fitting KernelRidge with default kernel: {time.time() - start_time:.3f} seconds"

)

T
Fitting KernelRidge with default kernel: 0.001 seconds

plt.plot(data, target, label="True signal”, linewidth=2, linestyle="dashed")
plt.scatter(

training_data,

training_noisy_target,

color="black",

label="Noisy measurements",

)

plt.plot(
data,

kernel_ridge.predict(data),
label="Kernel ridge",
linewidth=2,
linestyle="dashdot",
)
plt.legend(loc="lower right")
plt.xlabel("data")
plt.ylabel("target")
_ = plt.title(
"Kernel ridge regression with an exponential sine squared\n "
"kernel using default hyperparameters"

)


https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.kernels.ExpSineSquared.html#sklearn.gaussian_process.kernels.ExpSineSquared
https://scikit-learn.org/stable/modules/generated/sklearn.kernel_ridge.KernelRidge.html#sklearn.kernel_ridge.KernelRidge
https://scikit-learn.org/stable/modules/generated/sklearn.kernel_ridge.KernelRidge.html#sklearn.kernel_ridge.KernelRidge
https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.kernels.ExpSineSquared.html#sklearn.gaussian_process.kernels.ExpSineSquared
https://docs.python.org/3/library/time.html#time.time
https://docs.python.org/3/library/time.html#time.time
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html#matplotlib.pyplot.plot
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.scatter.html#matplotlib.pyplot.scatter
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html#matplotlib.pyplot.plot
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.legend.html#matplotlib.pyplot.legend
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kernel_ridge.kernel
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ExpSineSquared(length_scale=1, periodicity=1)
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from sklearn.model_selection import RandomizedSearchCV
from sklearn.utils.fixes import loguniform

param_distributions = {

"alpha": loguniform(1e0, 1e3),

"kernel__length_scale": loguniform(le-2, 1e2),
"kernel__periodicity™:

- : loguniform(1e0, 1el),
¥


https://scikit-learn.org/stable/modules/generated/sklearn.model_selection.RandomizedSearchCV.html#sklearn.model_selection.RandomizedSearchCV

kernel_ridge_tuned = RandomizedSearchCV/(
kernel_ridge,
param_distributions=param_distributions,
n_iter=500,
random_state=0,
)
start_time = time.time()
kernel_ridge_tuned.fit(training_data, training_noisy_target)
print(f"Time for KernelRidge fitting: {time.time() - start_time:.3f} seconds")

T
Time for KernelRidge fitting: 5.736 seconds
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start_time = time.time()
predictions_kr = kernel_ridge_tuned.predict(data)
print(f"Time for KernelRidge predict: {time.time() - start_time:.3f} seconds")

ST
Time for KernelRidge predict: 0.003 seconds

plt.plot(data, target, label="True signal”, linewidth=2, linestyle="dashed")
plt.scatter(

training_data,

training_noisy_target,

color="black",

label="Noisy measurements",

)

plt.plot(
data,

predictions_Kkr,
label="Kernel ridge",
linewidth=2,
linestyle="dashdot",

)

plt.legend(loc="lower right")

plt.xlabel("data™)

plt.ylabel("target")

_ = plt.title(
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"Kernel ridge regression with an exponential sine squared\n "

"kernel using tuned hyperparameters™
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from sklearn.gaussian_process import GaussianProcessRegressor

from sklearn.gaussian_process.kernels import WhiteKernel

le-1
)

kernel = 1.0 * ExpSineSquared(1.0, 5.0, periodicity_bounds=(1le-2, 1el)) + WhiteKernel(

gaussian_process = GaussianProcessRegressor(kernel=kernel)

start_time = time.time()
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gaussian_process.fit(training_data, training_noisy_target)
print(
f"Time for GaussianProcessRegressor fitting: {time.time() - start_time:.3f} seconds"

)

ST
Time for GaussianProcessRegressor fitting: 0.058 seconds
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gaussian_process.kernel_

ST
0.675**2 * ExpSineSquared(length_scale=1.34, periodicity=6.57) +
WhiteKernel(noise_level=0.182)
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start_time = time.time()
mean_predictions_gpr, std_predictions_gpr = gaussian_process.predict(

data,

return_std=True,
)
print(

f"Time for GaussianProcessRegressor predict: {time.time() - start_time:.3f} seconds"

)

ST
Time for GaussianProcessRegressor predict: 0.004 seconds
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plt.plot(data, target, label="True signal”, linewidth=2, linestyle="dashed")
plt.scatter(
training_data,
training_noisy_target,
color="black",
label="Noisy measurements",

)
# Plot the predictions of the kernel ridge

plt.plot(
data,
predictions_Kkr,
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label="Kernel ridge",

linewidth=2,

linestyle="dashdot",
)

# Plot the predictions of the gaussian process regressor
plt.plot(
data,
mean_predictions_gpr,
label="Gaussian process regressor",
linewidth=2,
linestyle="dotted",
)
plt.fill_between(
data.ravel(),
mean_predictions_gpr - std_predictions_gpr,
mean_predictions_gpr + std_predictions_gpr,
color="tab:green",
alpha=0.2,

)
plt.legend(loc="lower right™)

plt.xlabel("data™)
plt.ylabel("target™)

_ = plt.title("Comparison between kernel ridge and gaussian process regressor™)
03 (ogS ST gam S5 g A ) Ggem S ) S &S S e odalin O S5 4 4z L
o gy O3 )S ) 995 3 &5 9950 Al (exd pas SIMBI psS S TS (e )T 50 e
Sl Wil o (oS a1 (S Boe g Jeiol gun]serd a4 azrg b e mied
Irlasl Gas wlgs oo oo el b ol e (Ll lge8 ) o laitiw!
diwd Gl ooliiwl (020,5 @l bjeal dcgerme SO lgieas |y JURiw g9, Lais Jle ol o
Sledbl 5l solainl b aiS 1S5 1) Jij9el degemme 10 99350 (56501 B 0iS oo jgumme | Jow coglite
i 4 bJae & 1S oo oaalin ( Dlhoysy dismiin @lp Joe 50 8 605 e 5 ates
Il oS oS5 el | laates b ams so ojlal pwsS anT b aies o aslsl wgiw (555
oS S 5 ol Gl (ol Wi UL ) (s o (220 At 0l oo

from sklearn.gaussian_process.kernels import RBF

kernel = 1.0 * ExpSineSquared(1.0, 5.0, periodicity_bounds=(1e-2, 1el)) * RBF(

1 Extrapolate
2 Radial basis function kernel
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length_scale=15, length_scale_bounds="fixed"
) + WhiteKernel(le-1)

gaussian_process = GaussianProcessRegressor(kernel=kernel)
gaussian_process.fit(training_data, training_noisy_target)
mean_predictions_gpr, std_predictions_gpr = gaussian_process.predict(

data,
return_std=True,

)

plt.plot(data, target, label="True signal", linewidth=2, linestyle="dashed")

plt.scatter(
training_data,

training_noisy_target,
color="black",
label="Noisy measurements",

)
# Plot the predictions of the kernel ridge

plt.plot(
data,
predictions_Kkr,
label="Kernel ridge",
linewidth=2,
linestyle="dashdot",
)

# Plot the predictions of the gaussian process regressor
plt.plot(
data,
mean_predictions_gpr,
label="Gaussian process regressor",
linewidth=2,
linestyle="dotted",
)
plt.fill_between(
data.ravel(),
mean_predictions_gpr - std_predictions_gpr,
mean_predictions_gpr + std_predictions_gpr,
color="tab:green",
alpha=0.2,
)
plt.legend(loc="lower right")
plt.xlabel("data™)
plt.ylabel(“target")

_ = plt.title("Effect of using a radial basis function kernel")
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1 Radial-basis function
2 Gaussian Process Classification

3 Nuisance function
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import numpy as np

import matplotlib.pyplot as plt

from sklearn.gaussian_process import GaussianProcessClassifier
from sklearn.gaussian_process.kernels import RBF, DotProduct

XX, Yy = np.meshgrid(np.linspace(-3, 3, 50), np.linspace(-3, 3, 50))
rng = np.random.RandomState(0)

X =rng.randn(200, 2)

Y =np.logical_xor(X[:, 0] >0, X[:, 1] > 0)

1 Isotropic
2 DotProduct
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# fit the model
plt.figure(figsize=(10, 5))
kernels = [1.0 * RBF(length_scale=1.0), 1.0 * DotProduct(sigma_0=1.0) ** 2]
for i, kernel in enumerate(kernels):
clf = GaussianProcessClassifier(kernel=kernel, warm_start=True).fit(X, Y)

# plot the decision function for each datapoint on the grid
Z = clf.predict_proba(np.vstack((xx.ravel(), yy.ravel())).T)[:, 1]
Z = Z.reshape(xx.shape)

plt.subplot(1, 2,1 + 1)
image = plt.imshow(
Z,
interpolation="nearest",
extent=(xx.min(), xx.max(), yy.min(), yy.max()),
aspect="auto",
origin="lower",
cmap=plt.cm.PuOr _r,
)
contours = plt.contour(xx, yy, Z, levels=[0.5], linewidths=2, colors=["k"])
plt.scatter(X[:, 0], X[:, 1], s=30, c=Y, cmap=plt.cm.Paired, edgecolors=(0, 0, 0))
plt.xticks(())
plt.yticks(())
plt.axis([-3, 3, -3, 3])
plt.colorbar(image)

plt.title(
"%s\n Log-Marginal-Likelihood:%.3f"

% (clf.kernel_, clf.log_marginal_likelihood(clf.kernel_.theta)),
fontsize=12,

)

plt.tight_layout()
plt.show()
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316**+2 * RBF(length_scale=1.25) 316**2 * DotProduct(sigma_0=0.0104) ** 2
Log-Marginal-Likelihood:-23.674 Log-Marginal-Likelihood:-9.284
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import numpy as np

import matplotlib.pyplot as plt

from sklearn import datasets

from sklearn.gaussian_process import GaussianProcessClassifier
from sklearn.gaussian_process.kernels import RBE

# import some data to play with
iris = datasets.load_iris()
X =iris.data[:, :2] # we only take the first two features.

y = np.array(iris.target, dtype=int)

h =0.02 # step size in the mesh

kernel = 1.0 * RBF([1.0])

gpc_rbf_isotropic = GaussianProcessClassifier(kernel=kernel).fit(X, y)
kernel = 1.0 * RBE([1.0, 1.0])

gpc_rbf_anisotropic = GaussianProcessClassifier(kernel=kernel).fit(X, y)

1 Anisotropic


https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.GaussianProcessClassifier.html#sklearn.gaussian_process.GaussianProcessClassifier
https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.kernels.RBF.html#sklearn.gaussian_process.kernels.RBF
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.load_iris.html#sklearn.datasets.load_iris
https://numpy.org/doc/stable/reference/generated/numpy.array.html#numpy.array
https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.kernels.RBF.html#sklearn.gaussian_process.kernels.RBF
https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.GaussianProcessClassifier.html#sklearn.gaussian_process.GaussianProcessClassifier
https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.kernels.RBF.html#sklearn.gaussian_process.kernels.RBF
https://scikit-learn.org/stable/modules/generated/sklearn.gaussian_process.GaussianProcessClassifier.html#sklearn.gaussian_process.GaussianProcessClassifier

# create a mesh to plot in

Xx_min, Xx_max = X[:, 0].min() - 1, X[:, 0].max() + 1

y_min, y_max = X[:, 1].min() - 1, X[:, 1].max() + 1

XX, Yy = np.meshgrid(np.arange(x_min, X_max, h), np.arange(y_min, y_max, h))

titles = ["Isotropic RBF", "Anisotropic RBF"]

plt.figure(figsize=(10, 5))

for i, cIf in enumerate((gpc_rbf _isotropic, gpc_rbf_anisotropic)):
# Plot the predicted probabilities. For that, we will assign a color to
# each point in the mesh [x_min, m_max]x[y_min, y_max].
plt.subplot(1, 2,1 + 1)

Z = clf.predict_proba(np.c_[xx.ravel(), yy.ravel()])

# Put the result into a color plot
Z = Z.reshape((xx.shape[0], xx.shape[1], 3))
plt.imshow(Z, extent=(Xx_min, Xx_max, y_min, y_max), origin="lower")

# Plot also the training points
plt.scatter(X[:, 0], X[:, 1], c=np.array(["r", "g", "b"][y], edgecolors=(0, 0, 0))
plt.xlabel(""Sepal length™)
plt.ylabel(""Sepal width™)
plt.xlim(xx.min(), xx.max())
plt.ylim(yy.min(), yy.max())
plt.xticks(())
plt.yticks(())
plt.title(
"%s, LML: %.3f" % (titles[i], clf.log_marginal_likelihood(clf.kernel_.theta))

)

plt.tight_layout()
plt.show()



https://numpy.org/doc/stable/reference/generated/numpy.meshgrid.html#numpy.meshgrid
https://numpy.org/doc/stable/reference/generated/numpy.arange.html#numpy.arange
https://numpy.org/doc/stable/reference/generated/numpy.arange.html#numpy.arange
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.figure.html#matplotlib.pyplot.figure
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.subplot.html#matplotlib.pyplot.subplot
https://numpy.org/doc/stable/reference/generated/numpy.c_.html#numpy.c_
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.imshow.html#matplotlib.pyplot.imshow
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.scatter.html#matplotlib.pyplot.scatter
https://numpy.org/doc/stable/reference/generated/numpy.array.html#numpy.array
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.xlabel.html#matplotlib.pyplot.xlabel
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.ylabel.html#matplotlib.pyplot.ylabel
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.xlim.html#matplotlib.pyplot.xlim
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.ylim.html#matplotlib.pyplot.ylim
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.xticks.html#matplotlib.pyplot.xticks
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.yticks.html#matplotlib.pyplot.yticks
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.title.html#matplotlib.pyplot.title
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.tight_layout.html#matplotlib.pyplot.tight_layout
https://matplotlib.org/api/_as_gen/matplotlib.pyplot.show.html#matplotlib.pyplot.show

Isotropic RBF, LML: -48.316 Anisotropic RBF, LML: -47.888

Sepal width
Sepal width

Sepal length Sepal length
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>>> from sklearn.gaussian_process.kernels import ConstantKernel, RBF

>>> kernel = ConstantKernel(constant_value=1.0, constant_value_bounds=(0.0, 10.0)) *
RBF(length_scale=0.5, length_scale_bounds=(0.0, 10.0)) + RBF(length_scale=2.0,
length_scale_bounds=(0.0, 10.0))

>>> for hyperparameter in kernel.hyperparameters: print(hyperparameter)
Hyperparameter(name='k1l k1 constant_value', value type="numeric', bounds=array([[
0., 10.]]), n_elements=1, fixed=False)

Hyperparameter(name='k1l k2 _length scale', value_type="numeric', bounds=array([[ 0.,
10.]]), n_elements=1, fixed=False)

Hyperparameter(name='k2__length_scale’, value_type="numeric', bounds=array([[ O.,
10.]]), n_elements=1, fixed=False)

>>> params = kernel.get_params()

>>> for key in sorted(params): print(*"%s : %s" % (key, params[key]))

kl:1**2 * RBF(length_scale=0.5)

kK1 ki1:1**2

k1 k1 constant value: 1.0

k1 ki1_ constant value_bounds : (0.0, 10.0)

1 Meta-estimators



k1l k2 : RBF(length_scale=0.5)

k1 k2 length_scale: 0.5

k1 k2 length_scale_bounds : (0.0, 10.0)

k2 : RBF(length_scale=2)

k2__length_scale : 2.0

k2__length_scale bounds : (0.0, 10.0)

>>> print(kernel.theta) # Note: log-transformed
[O. -0.69314718 0.69314718]

>>> print(kernel.bounds) # Note: log-transformed
[[ -inf2.30258509]

[ -inf2.30258509]

[ -inf2.30258509]]
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